Signatures of the BCS to Bose crossover in atom shot noise correlations by Quintanilla, Jorge
ar
X
iv
:c
on
d-
m
at
/0
50
56
60
v2
  [
co
nd
-m
at.
oth
er]
  3
 Ju
n 2
00
5
Signatures of the BCS to Bose rossover in atom shot noise orrelations
Jorge Quintanilla
Isis faility, Rutherford Appleton Laboratory,
Chilton, Didot OX11 0QX, Oxfordshire, U.K.
We disuss the superuid wave funtion of an atomi Fermi gas, whih an be measured in an
atom shot noise orrelation experiment. We note that it is qualitatively dierent in the BCS and
Bose limits and on the basis of this we propose quantitative riteria to identify the rossover between
the two regimes.
The ahievement of quantum degeneray in Fermi
gases [1℄, loading of ultraold atoms on optial latties
[2℄ and ontrol of atom-atom interations using Feshbah
resonanes suggest using ultraold atoms as laboratory
models of strongly-orrelated eletrons. In this respet
the reent reation of fermion ondensates [3℄ represents
a signiant step forward, as it allows the systemati ex-
perimental investigation of one long-standing problem in
that area, namely the rossover from BCS superuidity
of weakly-bound Cooper pairs to Bose-Einstein onden-
sation of tightly-bound moleules [4℄.
One diulty is that, although time-of-ight (TOF)
experiments readily yield the momentum distribution of
atoms in the ondensate, n (k), orrelation funtions are
not simple to obtain. This is in ontrast with eletrons
in solids, for whih orrelation funtions an be obtained
using neutron and X-ray sattering. In this ontext it
has been proposed to use the pattern of atom shot noise
in TOF images to dedue the density-density orrelation
funtion [5℄. Reent experiments have implemented these
ideas to probe a Bose gas in the Mott insulating state [6℄
and pairing orrelations in a Fermi gas [7℄. In the ase
of a fermion superuid, the density-density orrelation
funtion an be used to infer the superuid wave funtion
[5℄. Here we point out that the latter quantity has very
dierent properties in the BCS and Bose limits and show
how to use it to identify the rossover region.
We onsider a Fermi gas where, as in a reent experi-
ment [7℄, eah atom an have two avours of the spin.
For simpliity we assume translational invariane and
work at zero temperature. The quantity of interest is
the spin-ip density-density orrelation funtion between
two atoms with dierent momenta ~k, ~k′:
Γ (k;k′) = 〈nˆ↑ (k) nˆ↓ (k
′)〉 − 〈nˆ↑ (k)〉 〈nˆ↓ (k
′)〉 .
Following Altman et al. [5℄ we evaluate this expression in
the BCS ground state, to nd
Γ (k;k′) = φ (k) δk,−k′ . (1)
As pointed out in that referene the salient feature is the
strong orrelation between partiles with opposite mo-
menta, whih an be observed in an experiment of the
type desribed in [7℄, where the magnitudes |k|, |k′| and
the angle kˆ are integrated over and pairing orrelations
show up as a peak at kˆ
′ = kˆ + pi. Additionally, it was
suggested [5℄ to study the dependene of Γ (k,−k) on |k|
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Figure 1: Qualitative dependene of the hemial potential,
µ, and amplitude of the pairing potential, ∆, of a fermioni
supeuid as a funtion of the strength of fermion-fermion at-
tration, g.
by averaging over the other magnitude |k′| and the two
angles kˆ, kˆ
′
. This yields the |k|-dependene of the super-
uid wave funtion, φ (k) . Sine φ (k) =
〈
cˆ†
k,↑cˆ
†
−k,↓
〉
it
yields essential information on the pairing orrelations in
the ground state. It is an experiment of this latter type
that we are onsidering here.
Our key assumption is that the BCS ground state, used
to derive (1), adequately desribes, at zero temperature,
the orrelations present in both the BCS and Bose lim-
its [4℄. Using that ansatz, it is easy to show that the
superuid wave funtion is given by
φ (k) =
∆k
2
√(
~2k2
2m − µ
)2
+∆2
k
, (2)
where ∆k is the pairing potential of BCS theory, m
the mass of an atom and µ the hemial potential. µ
and ∆k have to be determined by solving the BCS self-
onsisteny equations [8℄. Solutions an be found in
the literature for a variety of models with s- and d-
wave pairing, orresponding to spei hoies of a pair-
ing interation potential V (k,k′) see, for example,
Refs. [9, 10, 11℄. Our emphasis here is on features that
do not depend on the model under onsideration.
The qualitative behaviour of the pairing and hemial
potentials, as funtions of the strength g of the attrative
interation, is sketehed in Fig. 1. For weak attration,
the hemial potential is independent of g and equal to
the Fermi energy, εF, and the amplitude of the pairing
potential, ∆ (where any k-dependene that does not vary
with g has been fatored out), grows like∆ ∼ exp (−1/g).
2As the attration grows,∆ ontinues to grow, albeit more
slowly, and the hemial potential eventually starts to
derease. This rossover regime sets in smoothly when
∆ ∼ µ. In three dimensions, this happens near the value
of g at whih the interation potential has a bound state
and the sattering length diverges, gc. This lowering of
the hemial potential orresponds to a shrinking Fermi
surfae. [13℄ At some value g = g0, the hemial potential
goes below the bottom of the band: µ < 0. For g > g0,
the lowest-lying single-partile exitations our at k = 0
and there is no Fermi surfae. Thus g0 is of more physial
signiane, from the point of view of the rossover, than
gc [14℄.
We expet the superuid wave funtion, Eq. (2), to re-
et the dierent nature of the BCS and Bose sides of the
rossover. For simpliity we neglet the k-dependene of
the pairing potential: ∆k = ∆. Fig. 2 shows φ (k) for
dierent values of the ratio µ/∆. The BCS limit or-
responds to µ ≫ ∆. In this limit φ (k) is maximum
on the Fermi surfae. As µ dereases, this surfae be-
omes smaller so the peak moves to lower values of k.
For negative µ, φ (k) beomes monotoni, with its max-
imum at k = 0. This makes φ (k) qualitatively dierent
in the BCS regime (µ > 0) and the Bose-Einstein regime
(µ < 0).
Beause the maximum of φ (k) is at the lous of lowest-
lying single-partile exitations, traking the position of
this maximum in k-spae allows to monitor the grad-
ual ollapse of the Fermi surfae along the BCS to Bose
rossover. This an be ahieved by omparing the maxi-
mum value of φ (k) with its value at k = 0. The ratio is
given by
φmax
φ (0)
=
{ √
(µ/∆)2 + 1 for µ > 0
1 for µ < 0
(3)
This urve is plotted in the inset of Fig. 2. Note that it
depends only on µ/∆, not on the spei relation between
∆ and µ. In that sense Eq. (3) is model-independent [15℄.
To further quantify the rossover in terms of φ (k), let
us alulate its behaviour near k = 0. Dierentiating (2)
we obtain ∂φ/∂k|k=0 = 0 and
∂2φ
∂k2
∣∣∣∣
k=0
=
~
2
2m
µ∆
(∆2 + µ2)3/2
. (4)
This is plotted in Fig. 3. We an see that the urvature
of φ (k) at k = 0 hanges sign when µ goes below the
bottom of the band. Thus it provides a seond test for
the point on the phase diagram where the Fermi surfae
disappears. In fat for µ > 0 Eqs. (3) and (4), taken
together, ompletely determine µ and∆ from measruable
quantities. We note that the pairing potential an also be
obtained diretly from the large-k behaviour of Eq. (2):
φ (k) ≈
(
m∆/~2
)
k−2.
To summarise, we have disussed, on the basis of the
BCS ground state, the superuid wave funtion of a
fermioni ondensate, φ (k), whih an be measured di-
retly in shot-noise orrelation experiments. This has
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Figure 2: The superuid wave funtion for dierent values of
µ/∆, as indiated. Inset: dependene of the maximum value
of φ (k) on µ/∆.
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Figure 3: Contour plot of the urvature of the superuid wave
funtion at k = 0. The urves orrespond to onstant values
of k2F ∂
2φ/∂k2|k=0, as indiated. kF =
(
3pi2n
)1/3
is the Fermi
vetor, given in terms of the average density of fermions, n,
and εF = ~
2k2F/2m the Fermi energy.
quite dierent behaviour in the BCS and Bose limits,
hanging qualitatively when the hemial potential goes
below the bottom of the band. This point in the phase
diagram marks the demise of the Fermi surfae. Our
main results are Eqs. (3,4), whih desribe the behaviour
of the superuid wave funtion along the BCS to Bose
rossover. In partiular, they allow to trak the pair-
ing and hemial potentials and to identify where on the
phase diagram µ = 0. Our results are independent of
any spei model of the interatomi interation, relying
only on the BCS ansatz for the ground state.
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